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Coastal flooding hazard

. . . Low
Setup: increase in mean water level — Barometric setup pressure Wind

— Wind setup .

— Wave setup

Setup forecasting

Exemple: partnership project SHOM-Météo France === ==

HOMONIM project  Better anticipate and manage coastal flooding hazard

(Gervais, 2008)

Improve knowledge of coastal flooding hazard

—— > Develop an operational modelling capacity of setup and waves
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2 600 000 cells



Unstructured Grids

Atlantic coast
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Unstructured Grids

le de Ré and Oléron island




fle de Ré

Unstructured Meshes (triangular)
— Follow the shape of the coast

— Smaller cells where precision
is needed

Waves reflection

Total number of cells

Unstructured Grids
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Computational Time

Coastal flooding forecast (Météo France / SHOM) Five days forecast updated every hour

———> Computational time : 10 minutes

>  The calculation must be really very fast !

and accurate...

— Model > 2D depth-averaged models

— Numerical Scheme — Atlantic regional configuration 200 m (HR) : shallow water model

— Code optimization Nesting

Nord-Aquitaine coast configuration 50 m (THR) : shallow water
ex. SHOM

model + phased-averaged wave model
Unstructured Meshes

— Coastal dynamics (ex. 1le de Ré) < 10 m (XTHR) : phase-resolved

Parallelization wave models including non-hydrostatic effects



Derivation of the depth-averaged models

Equations of fluid mechanics

Mass conservation

incompressibility dive

0
8/Z +d1v(pv) 0

=0

8u 61/ ow ’
—_—t—4—=0 v=|v
0x 6)/ 0z w
, opv . .
Momentum balance equation E—i_ le(p?/ ®v) =pg—gradp+divr
ou ou’ Ouv Ouw , op or, Or, ot
p + + + = pgsinfcosa ———+ + +
o0 o0x 0y Oz ox Ox o0y 0z
2 or, oOr, Or
p @+6uv+6v +51/w :pgsinﬁsinoc—a—p+ e
o oOx 0Oy 0z oy oOx Oy 0z
ow Ouw Ovw ow’ op or, Or
p + + + :—pgcose——+ <+ +—=
o0 oOx oy 0z 0z 8x oy 0Oz

Boundary conditions

z2=0 w(0)=0 No-penetration
u(0)=2(0)=0 No-slip
z=h
Kinematic condition
w(h) = %+ u(h)a—h+v(h)—
ot Ox Oy
Dynamic condition
[ p(h) - rxx<h)]——r (h)— r1, (=0

[ p(h)- rw<h>]a—’;—r <h>%+r (=0

N

oh
. (h)a— Tyz(h)5 —p(h)+1_(h) =0



Case of an incompressible perfect fluid on a horizontal bottom

h
Shallow water s:fo<<1

!

Scaling X =

L
L)’

ou' ov' ow'
+—+—=
ox' oy 07
ou ou’ Ouv Ouw op
p| —+—+—+ =——
ot ox 0Oy 0z Ox

ov ouv v’ aij op
+— =

Pl .
o6 oOx 0oy 0z oy
ow Ouw Ovw oOw’ op
P + + + =P8~
\adt ox oy 0Oz 0z

e

Boundary conditions

w'(0)=0

w'(h) = Gh, +u'(h)
ot

p,(h):patm :0

oh'
ox'

+7'(

0=0
w u
w=— t'=t=2 p’=L
el L pgh,
Hydrostatic pressure : gradp, = pg
Py _
o P8




(0w ou” ouy  ou'w 1 op'
/ t ’ T ’ T ’ - 2 ’

ot oOx Oy 0z F* ox

ov' ouv' o ov'w 1 op'
+ +— =——

ot ox' oy o7 F* oy’

[ ow' ou'w  ov'w  ow"” 1 op’
&ttt == 1+
ot 0x Oy 0z F 0z

Froude number F=—22 F=0(Q)

(Bélanger, Reech)

(0w’ 8u'2+6u'v' ouw' 1 op'

+ + =
ot ox' oy 07 F* ox'

ov' ouv' o ov'w' 1 op'
+ +—t =——

ot ox' oy o7 F* 0y’

1+ _ o)

o7 “Hydrostatic” pressure ———>  No dispersion



Depth-averaging

h U =(U
(A)==| Adz )
s V= (o)
Mase J‘h' 8u: dz'+r' 80: Ao+ " 8w,' 4z’ =0 Boundary conditions
0 Ox o Oy Jo Oz Ww'(0)=0
h l ol l hr hr hr
8"“ u'dz' —u'(h) 8h’+ 8, v'dz'—v'(h) ah’+w’(h)—w'(0):0 w'(h) = 0 ,+u’(h)a '+v’(h)a ,
0 ox" oy Jo Oy ot Ox oy
oh' oh'U" oh'V'
+ + =0
ot'"  ox' oy’
The boundary conditions are “incorporated” in the depth-averaged equations.
ap' 2 r_ 1 ' 2 " ' r__ h’z 2
Momentum . -=—-1+0(¢g") p'=h-2z'"+0(¢%) p'dz' = 5 +0(g%)
< 0
h [/ h 12 h rr h 1.1 h [
J‘ ou dz’+_[ ou dz’+j o dz’+f ouw dz’+inA P 4. =0
o Ot o Ox' 0 ay' o 07 F*Jo ox'

11




K 4 K / h 4 n
g j o' dz' () 2 j udz -y I 2 _[ o' d2'— (W0 (W) 2wl (Y ()~ O/ (0) + 2 j p'dz =0
ot" Jo ot'" 0x'Jo ox' oy'Jo oy’ F* ox"Jo
T’ 12 Avdi 12
ony | 9 B () + : — |+ c (W' (uv'))=0(e) V., 0 (W' (uv'))+ ‘ B (o) + : - |=0(&)
ot  0x' 2F° ) 0y ot  0ox' oy’ 2F 5



Advantages of the depth-averaged equations

Advantages

— The dimension of the system is reduced by 1
2D flow —— 1D Model
3D flow — 2D Model
— The boundary conditions are incorporated in the model equations

No need to follow the free surface, to calculate at each time step the calculation domain.

> Computational time saving and simplicity of the numerical scheme

Disadvantages

— Depth-averaged quantities, The information in the Oz direction is lost Not always !

13



Problems

Non-hydrostatic effects and dispersi o W ouw  ovw | ow” ! 1+ap'j
on-hydrostatic effects and dispersion =——
y P ot ox oy o7 ) P\ o7
Shearing ,
ohU 0 gh 9,
——+—| h{u’)+ +—(h(uv))=0
(i) ()2 (w)? o ax[ )+ j 5, (1)
Equations of Saint-Venant :
q ohv o o( 1\ g
——+—(h(w))+— h<v >+ =0
u and » are almost uniform over the depth. ot Ox dy 2
— <u2>:U2 <vz>:V2 <uv>:UV ————>  The shearing is neglected.
If the shearing is not negligible ?
Friction Empirical laws (Chézy, Gauckler-Manning-Strickler, etc.) Value of the friction coefficient ?

Reconstruction of the 3D structure of the velocity field ? How can we keep the information in the Oz direction ?

14



Non-hydrostatic pressure

Important for coastal waves in the shoaling zone (before breaking)

I le 2D ow , uw ow’ op
ncompressible 2D case =—pg———
P Aot ox ez ) e
Hydrostatic pressure + Non-hydrostatic pressure
o 2 ow' .\ ou'w’ . ow”|_ 1 - op'
) p_pH pN at! axl aZ! F2 azl
Py _
P Pg
< 2 ou ow
Opy _ [ Opw  Opuw Opw Irrotational case w=—-—-—=0
= + + 0z Ox
| 0z ot ox 0z
. ou”  ,ow
Mass conservation + no-penetration u=U+u —=¢€ ;
0z Ox
ou ow
—+—=0 z , ,oU’
ox 0z — w=—J %dz u':U'+O(82) w=-z ,+O(sz)
0 OX ox
w(0)=0
%) 12 1 ) _8_h a_h:_ a_U
Scaling pI'V:ZP—N p;v=h —zh e tVa T

h=—+U—

e'pgh, 2 W . oh oh i [aujz_ U _,0U
ot Ox



Serre-Green-Naghdi equations

o (" P W’h oh  ohU Serre (1953)
—x 0 Pn z_a—x T at ax =0 Green & naghdi (1974)
2 21
52:] 65 (hU 8127 h;j ~0 Third derivative
X

Fully nonlinear : no assumption on the amplitude

Dispersion relation h=h,+H u=U' [h’ U ] [ApA ] )
)
w? = gh k? 1 Phase velocity Vo =7 = Saint-Venant : not dispersive
0 I°H k
I+—2°
3
Linear theory of Airy (see lecture of Julien Chauchat) w’ = gk tanh(kho)

2
kh, <1 w’ = ghokz( k3h }rgk O(k hs) Serre-Green-Naghdi : weakly dispersive

16



Hyperbolicity

oV oV h
Hyperbolic system of equations Mathematically —+A—=0 matrix form, 1D case Ex. Saint-Venant: V U

ot 0x

The system is hyperbolic if the eigenvectors of A form a basis.

In particular, it is the case if the eigenvalues are real and distinct.

Exemple : Equations of Saint-Venant

oh oh . oU
+U—+h—=0 U h U=\ h
ot Ox Ox A= =0 A=U=x,/gh Saint-Venant : hyperbolic
oU dU  oh g U g U-A
o +U ox +g8x =0 Eigenvalues : characteristic velocities
The Serre-Green-Naghdi equations are not hyperbolic.
Physically Hyperbolic : no propagation at an infinite velocity. —— >  All equations of physics should be hyperbolic !

Peshkov & Romenski 2016
. o . . ) . Peshkov et al. 2018
Incompressibility : a pressure change at any point in a confined incompressible fluid Peshkov et al. 2020
is transmitted instantaneously throughout the fluid.
17



Numerical treatment of the non-localities

Numerically Hyperbolic —>  local The evolution of the variables in a cell depends only on
the state in the neighbouring cells.

Time step At:CFLﬂ i—1 i i+1

Cmax
o . T Maximum characteristic velocity
Courant-Friedrichs-Levy condition Ax

Courant number< 1

A
Y

Finite-volume method (Godunov-type)

Non-locality ————= The evolution of the variables in a cell depends on all cells of the domain
and of all boundary conditions.

—>  Global system to solve at each time step with the boundary conditions

——>  High computational time
Difficulty to treat the boundary conditions especially with unstructured mesh

Serre-Green-Naghdi : “elliptic” step
18



Hyperbolization of the Serre-Green-Naghdi equations

Compressible fluids : pressure changes propagate at the sound velocity.

a=1500m-s  inwater

However compressibility entails also static compressibility correction. p = p(z)

— > Hyperbolic approximations of the Serre-Green-Naghdi equations

J' Py dz Depth-averaged non-hydrostatic pressure

Gh 8hU _0
81‘ (9x

2
oy, 9 hU” + L +hP
61‘ 6x 2

ow' 6u'w +6w’2
Gt Oox' 0z’

py(h)=0

Favrie & Gavrilyuk (2017)
Mathematical justification : Duchéne (2019)

Escalante et al. (2019)
Escalante & Morales de Luna (2020)
Bassi et al. (2020)
Richard (2021)

19



ow' ou'w' ow"” 1 op),
+ + =—
ot  ox' o7 F* o7

h' ’ 1ot 2 h' ’
J‘ [6w+6uw+8w sz,:_ij‘ %dz’

o\ ot ox' o7 *Jo 07

8h’W’+8h’U’W'_ 1 , (0)+O(82>

ot’ o P
8hW+8hUW _ lzip,_l_o(sz)
ot' ox' F° 2

ohwW ohUW 3
+ =—P
ot 0x 2



Acoustic Energy

, U’ i oh 8hU 0
w=-z " +O(£ ) 81‘ ox
2
W’ _ P +O(sz) a’;U 88 (hU gg +hP]
2 Ox' t g
U GhW ohUW 3 3p
W + ha_ — Serre-Green-Naghdi (not hyperbolic) ot ox 2
x OhP  0hUP _ (.., ,0U
ow+ 1Y = e [ﬁh P onUP j ot  0Ox Ox
Ox' ot Ox Escalante et al. (2019)
V& _ (g
Nombre de Mach M = P O(S )> y>0 This system admits an exact equation of energy conservation
a—he+3(hUe+HU)=o
ot Ox
2 2
LU 20 8h P n=%" . pp
2 3 2 2a 2

acoustic energy
21



Hyperbolicity

]
8_V+A5_V _g V= U In practice, a can be chosen much smaller than the physical value
ot ox W of the sound velocity
_ _ P |
U h 0 0 B Artificially reduced sound velocity : Pseudo-compressible approach
g+ B U 0 1 A Auclair et al. (2018)
A=[®"h At =CFL=%
0 0 U O Coax
0 a 0 U
B B Cmax =a
A,=U . . .
: Increase the time step, reduce the computational time.
A, =Uzx\gh+P+a’
25 |p 4 linearly independant Dispersive properties equivalent to Serre-Green-Naghdi if M <0.1
>
¢ ‘ ‘ eigenvectors a<100m-s™’
The system is hyperbolic. Faster calculation

Simpler implementation (ex. parallelization)

Boundary conditions simpler to implement
22



(Courtesy of Arnaud Duran)

Boundary Conditions (1)

Soliton between walls No special treatment
Serre-Green-Naghdi equations

Generation with a relaxation method

Unstructured mesh

Problems at the walls !

Can even cause the code to explode !

Periodic boundary conditions

Calibration of the relaxation
parameters

The periodic boundary conditions are not
always possible in operational context.

Complex with unstructured mesh



(courtesy of Frédéric Couderc)

Boundary Conditions (2)

2 Solitons between walls

Hyperbolic dispersive equations

No special treatment

061.08 11 1.121.141.16 1.18 1.2

24



Boundary Conditions (3)

(courtesy of Frédéric Couderc)

Soliton between walls with a lateral narrowing of the pool
Hyperbolic dispersive equations

Unstructured meshes

No special treatment

A wall boundary condition is easy to write with the hyperbolic equations !

25




Boundary Conditions (4)

(courtesy of Maria Kazakova)

Transparent boundary conditions n
free surface

Linearized Serre-Green-Naghdi equations

Gaussian initial distribution for the free surface elevation

Zero initial velocity

Kazakova & Noble (2020)

The method is not applicable in the nonlinear case.

-0

26



Boundary Conditions (5)

Propagation of a solitary wave Nonlinearity : 0.5 Method : Perfectly Matched Layers Kazakova (2018)

Hyperbolic dispersive equations of Favrie & Gavrilyuk (2017) Easy to apply to hyperbolic systems.
Derived in the linear case.

Works well even in the nonlinear case (no mathematical proof)

Neumann boundary conditions Reflection : 24 % Perfectly Matched Layers Reflection : 0.8 %

logio(h(t,z) — 1) s logio(h(t,z) — 1) .

8
-1 1
6 -2 -2
+ -3 -3

4 .

(-4 1 -4

2
-5 -5
0 -6 -6

4 6 8 10
(courtesy of Maria Kazakova) z T

27



Numerical Scheme
Grenier, Vila & Villedieu (2013)
Parisot & Vila (2016)

Low Mach / Low Froude scheme for oceanic flow simulations
Couderc, Duran & Vila (2017)

Simplified approach (1 layer, flat bottom, no source term) Explicit scheme

Centred + small stabilizing diffusive term related

%+div(hU) =0 to the pressure gradient
ot
ohU Centred + another stabilizing term
——+div(hU®U)+hgrad(gh)=0
ot
U Two stabilization constants to choose to ensure :
Oceanic flows : low Froude number F=—<«1 : -
/gh — Linear stability

_ _ — Strict decrease of the energy (nonlinear stability)
——> C(lassical Riemann solvers (Rusanov, HLL, HLLC...)

are too much dissipative. — While minimizing the dissipation

—_— Better than a first-order HLLC scheme

First-order scheme equivalent or even better than a second-order HLLC scheme and much faster

Second-order extension (MUSCL, Heun) even better TOLOSA software C_ -

Couderg, Vila. et al

Applicable to multi-layer shallow water model
28



Shearing

u=U+u' By definition, <w>=o <ﬁ>=Uﬂ+@f§
v=V+o <v*>20 <vz>=V2+<y*2>
<uv> = UV+<u v >
> Symmetrical Tensor of order 2 (0} :%J‘hl(u—U)(@(u—U) dz
0
<u2 =U2+h2(|)11 ¢=%<(u—U)®(u—U)>

)
<vz> =V*+h'o,,
)

(uv)=UV + ¢, Tensor enstrophy

New variable

Y

New equation

— Mass (scalar)

N
>

Three-equation model — Momentum (vectorial)

— Enstrophy (tensor)




Enstrophy equation

1D case (2D flows)

Depth-averaging

Y

Euler equations Averaged equations
(incompressible) (mass and momentum)

|

« mechanical » energy balance ——— _
Depth-averaging ' S, Enstrophy equation
Averaged energy equation

Y

Energy balance

2 2 12 12 '
w u

T gl e o)l (e phw]=0 PR R
ey () sl

) I ' 12 12 ' 2 W M*3
(3 h, U +h (P + h2 +i hrUr U +h (P + hz + hr3(P!+h_2 U,+M 20(82) <ur*3>?
ot' 2 2 2F ox' 2 2 2F 2F 2



Weakly sheared flows

Teshukov (2007) u'=U"+¢e"u" 0<p<1 <u’2> _U"? 42 <u,*2>

<u'3> =U" + 3&:2BU'<u’*2 > +ef <u'*3>
SR W EY I

Structure of the Euler equations of

oh 8hU
=0 Ur B 1 compressible fluids (1D)

a ox LU Fe g
GhU 0 2 2 2

51‘ (hU H) 0 ghz «density » h
ohe x II1= hS(P + 2 « pressure » I1
—+—(hUe+HU)=O « temperature » <u*2>=h2<p

ot 0x W

« internal energy »
2
« equation of state » IT :h<u*2>=h3<p

« entropy » ¢
31



Hyperbolicity

oh ahU O“

81‘ 6x .
Qﬁg—-g{hU H) 0
ot 0Ox J

2 2 2 2 2
2 n Y +h(P+gh +2 ol ¢ +h(P+gh + h3cp+gh U|=0
ot 2 2 2 ox 2 2 2 2

5 h 5 h U h 0
o P A=|g+3h¢ U h
¢ ¢ 0 0 U

Hyperbolic system — > Discontinuities in finite time

- >

The enstrophy plays the role of the entropy. + Dissipation

2 2 2 3
9 h| — v gh +i hU J +gh +gh U +U—8h(P:0
ot 2 2 0x 22 2 0x

AN

oho . ohUg _ 0
ot 0x

>

A, —U+\/gh+3h2(p

— Mass
— Momentum
— Energy

Conservation of :

Creation of enstrophy

Breaking waves
Hydraulic jumps
Roll waves

32



Breaking waves (1)

Introducing dissipation: - Eddy viscosity
— Roller models Numerical perturbations can appear with switching
- Switching (courtesy of Arnaud Duran)

0.4
03

Gi G2 G3 G4 G5 G6

33



Breaking waves (2)

Averaging the LES equations Large-scale turbulence : resolved > Enstrophy
Small-scale turbulence : modelled > Eddy viscosity
(Mild slope case) Energy
oh 8hU ohe O 0 ou) C 3
=0 S T - ~rh % /2
i =+ x[hUe+HU] ( U Jo— j
ohU 8 g . Wh) 9(4,, U db U ol o B
——+—|hU* + +h’o+—— |=—| —h h— _Y & L
ot 6x( 2 ? 3 j 5x(R @ax 8 dx €= 2 * 2 tgb+ 0 * 6
2 2 21
ohg ohUg _8he (U Cho” m=& o R
o oOx R \ ox 2 3

—— >  Better description of breaking waves (front wave profile, asymmetry...) Kazakova & Richard (2019)

34



Extension to the 2D case

Wave breaking over a reef and a beach

Simulation of the experiments of Swigler (2009)

Models of wave breaking with enstrophy :
Less sensitive to the breaking criterion

or no breaking criterion at all

Gavrilyuk, Liapidevskii & Chesnokov (2016)
Kazakova & Richard (2019)

Richard, Duran & Fabreges (2019)

Duran & Richard (2020)

Hyperbolic dispersive + breaking ?

Breaking waves (3)

0.0e+00 2 3

35



3D Reconstruction and friction

— > Asymptotic method

Dissipation

1 T
Constitutive law Exemple : Newtonian fluids tT=2pvD D =E[gradv +(gradv) J
Open-channel hydraulics Re>1 —— Model of turbulence Mixing length

Eddy viscosity

t=2p(v+v,)D v, =2 D:D L, =KZ(1—e_Z+/A+) /1—%

Ve =Vt

eff
Constant of Von Karman

Turbulence due to bottom shearing

Not breaking

36



Shallow- water scaling

h 4 x 4 ! Z ! h
e=—<xl1 x'=— y=Z Z=— h'=—
L L L hy hy
t=2p(v+v,)D v, =\22\D:D
L’ =_m V.. =
" kh, ! K’hu,
 ou 1(@14 ayj I(Gu awj_
ox 2\0y ox) 2\0z Ox
Do all 1(@@]
Oy 20z oy
ow
0z

Dimensionless numbers :

p
pgh
— TZZ
epK’u
1 v

37




Dimensionless equations

ou ov' ow'
+—t—=
ox' oy 07

e(ou ou* oudv ouw'
+ + +
k' \ot' ox' oy o7

:Acosa+8T"z - 28 5 P +O(€2)
0z «k°F° ox'

e o ouv o ov'w
—| —+ +—+
(ot ox' o of

}zksinoﬁafﬂ— £ 8p,+o(82)

oz «°F* Oy
8 ! .
GIZ)’ =—cosf+0(e) Hydrostatic pressure A= ;r;@z
p'(H)=0(¢)
Boundary conditions T’

}3208 v;ﬁ=z'2<l—s>J(§;‘IT+(§;ZT+o<sz> =2

The molecular viscosity is negligible.

38



Integration over the depth

oh

Mass —+div(hU) =0
ot
rry! 2 2
Momentum Ghl'J +div(h'<u'®u’>)+grad( h . cosesz—[h'h—r'sh (O)]+O(s) A=A C_Osa
ot F £ / sino
Bottom friction T - Ty
h2 sh — T},Z
Tensor enstrophy <u’ ®u’> =U'®QU'+h"¢' @ = <Pu—g
0
ah’U’ . ryr! ’ / / h,Z K2 ! /
Py +d1v(h U'QU' +h" ¢ )+grad[2F2 cosej :;[h A-T, (O)]+O(e)
Equation of enstrophy reaton
'’ 2
a’;;’p +div(h'<p’ ®U')—2h'(p'div U’ +gradU'-h'(p'+h'(p’-(grad U')T -5 hllz [U' ®7, (0)+7.,(0)®U’ —2W] +0(u’)+OC(e)
3

" ! au’ au' ! H : H 1% A f*
W=\ v;—®_—dz Tensor of dissipation <u Qu Qu >
o 0z 0z




X =X, +eX, +0(¢’)

Momentum balance / Ox

Y

Constitutive law —— u; o

Y
Mass conservation

\
Momentum balance / Oz

\
Momentum balance / Ox

|

Constitutive law ——

'
0

Asymptotic expansions

u:uo+£u1+0(£2)

_ 20 ) 2
T, =T, +€T] +O(£ )

- > T;(ZO) T'(ZO)
y ou oV ow
=
ox' oy o7
' 12 Y "w' : ,
% ou +8u +8U7/ +8uw :/\COSOL‘FaTxZ - 28 2 ap +O<82)
B 8{" ax, ayr 82' Gz’ K F 8_9(,'1
' 1y 72 "w' ot ’
W(; 4% Ov +5M’U +87/ +81}W = Asing +—=— 28 2 P +O(£2)
- at’ ax’ ay, azl az’ Kk°F ayr
’ op =—cos€+O(£)
— > 0z'
T;h = v’eﬁ‘ ZZ! +O(82)
e
ou' ? ov' ’
ro_ 12 1_ + +O ?
LU U e e Ve = 2 ( 5)\/((%’) (5z’j (3 )



Order 0 and viscous scaling

T =\’ s=2
(1-5) h
K2
T0(0)=A0 —— :[h')\—‘r'sh(O)]=—K2‘r's(hl)(0)
uy =uy, (h')+ \/)\h Ins Loglaw ——— 29 scaling for a thin layer close to the bottom
with viscosity
' ' N - ' ’ ~ 2 ft
zzz—’ ﬁ/:i’ h h— Lm:Lm, ‘T}:l, Lng\ll_SI:l_eXp(_ij} {)eﬁ[:l—'_{)T
M M M M n KA
oi i oW The molecular viscosity is not negligible.
— — = Mass
ox 0y 0z
0 =0(n) Ny =0(n); 8_13_0( ) Momentum
A R A T



Matching

Asymptotic expansion in the viscous layer

Matching with the expansions in the shallow-water layer

~(0)
a(;—i" =0 ¥ = constant Matching : T =1 (0)=hA
Z
Asymptotic matching for the velocity in an overlap layer z= \/ﬁbh
. A . .
U, =~Ah'— —%+ln(ﬁ+\/1+£2)+72(£) §=2+A\N'Z A=2KkA
A 1+41+E

[ dg ot & - de [ dE
R(E)_jol+\/1+£z(1_CE/A)2 .[01+W+O<ﬁ) : jo 1+\/1+E2(1_e—5/A)2 .[o 14148

ué(s=ﬁb)=a0(£=2b? j+o(\/ﬁ)



We obtain  u; (h) :%
2
let =——
Inn

2 1

: 2+mlne

If € is small enough, € <p’

!

u,

(h):%m

1

We impose u;(h)=0(1)

(h)Z%WI:2+p(R—1+ln2+lnM)]

C(p):2+p(R—1+ln2+lnM)

u

u

'
0

/
0

A

(1) =cu)y

N

Order of magnitude of shearing

small

Vp >0,

peN

A=), ,

\/W(R—1+ln2+lnM—lnq)

e<u<l

lim(alnp 8) =0

e—>0

[2+p(R—1+ln2+lnM)]

A, =O(1)

M =2-J\K"
10
__ﬂ_;___/
107! - -
m:_i I -
I- == = = i //‘r
:} e e i e T -
) =
102 ----------------------------------- - -_,,-‘-/ -----------------
e T
P
- i /
—_-— /
/
//
1073 L . .
1070 1075 1074 1073
n
r 2
9y =0(w)
We obtain :

<u(')* ®uy ®u(')*> = O(p3)

Weak shearing if p is small. s



Equations of Saint-Venant

oh'U’ . ryy! ' 13 1 h'Z K2 '
pw +d1v<h U'QU'+u’h" ¢ )+grad£2F2 cos@j T 2 (0)+0(e)
The terms O(u?) are neglected > Saint-Venant
2 roTT
With the asymptotic expansions, we can write : L4 (0)= Czp(p)[ U,||U; +U, Y, ,U’ }LO(MZ)
0
' U U 1 ' ' ' ' ' ' Cz H '
HOUH ;(U U'-|us||uy) U||u; = u(z )i
2K2
Let Cf = Hz Friction Coefficient
C*(w)

el (0)=

|v)+o(w)

ah—U+d1v(hU®U)+grad[&c036j gh—-C, HUHU g, =gsinb o

ot sina



Coefficient de frottement

2k+/2  gh’sin®
Explicit expression : k- K\/_=R—2+21n2+ln1<+ln& Darcy f=8C
|C; \/7 v

Valid in equilibrium or non-equilibrium

A more convenient approximate explicit expression : 0.040
2 2

K h|U 0.035

S re 101 :

In (" Re v 0.030 |

More precise : J 0.025

0.020
A 2642 =R-2+2In2+Ink+In KhHUH

N —Vln(KzRe) 0.015

0.010"
] X

104 5x10* 1x10° 5%x10° 1x10°
RU”
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Equations with (weak) shearing

We keep terms O(p?) and we neglect terms O(?)

We obtain the system g—IZ+d1V(hU): . _J'M d _j+w d
L 2(1_ -uA)? J1+8E
ag—tU+d1v(hU®U+h3<[>)+gl'ad(g;l2 cosﬁj 0 \/1+E (1 ‘ ) 0
:(1%@j(gm_cfuuuu)+a(}<alﬁ)h@ﬁhwi j " hf£h¢ &&j 4= R —R+1
1
y | 2 1)
a;P+dlv(h(p®U) 2hq>diVU+gradU-h(p+h<p-(gradU) o, =o—d,
C C, =0,41; A'=26
:%%[U®(chHUH—gTh)+(chHUH—gTh)®U} ot 7( ®‘§T ‘§T®UJ[htr(p—&j ;_267. 182,
T T — > 1~ 5 >
c 2=3,15; o, =0,680;
_ \/7f 8r &r &r &1 T T e
LT {U@)[m g Kj [hq) g sz@)u} i
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Reconstruction of the 3D fields

We can reconstruct the 3D velocity field.

u:U[1+£(l+lns)}—a\/?[@U-&—Wj&(l+lns)

z
K K 8r 8r S:ﬁ
2 C C
+a2{1—n—+Li2(l—s)} \/TU- & —h/tre &—ag[ C, U-&—w/ghsinﬁj&
6 K 8r 8r K 8r 8r Sln(l—t)

It is possible to calculate wor T, (0)

With the asymptotic method and with a model of turbulence,
We have obtained an explicite expression of friction, including outside the equilibrium,
We have kept the information on the 3D fields
And we have obtained corrective terms due to bottom shearing.
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Open problems

Rough bottom

Vegetated flows

U(z) e

tmi

Ghisalberti & Nepf (2002)

‘2' ‘Z
u)(z)

) 7 ——

/ canopy-scale

/7| stem-scale
turbulence

' turbulence

Nepf (2012)

sparse

Analogy with mixing layers

Kelvin-Helmholtz instability,
large vortices

Turbulence

Important for sediment transport

Flexible vegetation
Experiments from Le Bouteiller & Venditti (2015)

Turbulence model ?

. . 5
Asymptotic expansions : Periodic waving of the vegetation related to turbulent structures

(monami)

Model ?
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